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Answer four questions. If you answer more than four questions, only your best four will
be counted.

Throughout this paper, unless otherwise stated, all normed vector spaces and Hilbert
spaces are either over the field of real numbers, R, or the field of complex numbers, C

1 (i) LetD={zeC]||z|] <1}. Let C(D) be the vector space of continuous
functions f:D — C. Prove that we have a norm on C(DD) defined by the formula

1]l = sup{lf(2)| | z € D}

and that C(ID) is complete with respect to this norm. (14 marks)
(i)  State the Stone-Weierstrass theorem. (3 marks)

(i) Which of the following are dense subsets of C(ID) ? Justify your answer
fully.

(a)  The set of all complex polynomial functions p: D — C.

(b)  The set of all complex polynomial functions p:D — C of even
degree.

(c)  The set of all continuous functions f:ID — C that extend to holo-
morphic functions in an open set containing D.

(8 marks)
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2 (i) (a) LetV be a complex normed vector spaces. Say what is meant when
we describe a linear map f:V — C as bounded. (2 marks)

(b)  Prove that a linear map f:V — C is bounded if and only if it is
continuous. (7 marks)

(c)  State the Hahn-Banach theorem. (3 marks)

(ii) (a)  Say what is meant when we say a map g: C — V is holomorphic.
(2 marks)

(b) Let f:V — C be a bounded linear map, and let g:C — V be
holomorphic. Show that fog is holomorphic, If, further, g'(z) = 0, show that (fog)'(z) =
0. (5 marks)

(c)  Prove thatif g: C — V is holomorphic, with g'(z) = 0 for all z € C,
then g is constant. (6 marks)

If you wish, you may use without proof the fact that if h: C — C is holomorphic
with h'(z) = 0 for all z € C, then h is constant.

3 (i)  Say what is meant by an orthonormal sequence in a Hilbert space, and what
Is meant by saying that an orthonormal sequence is an orthonormal basis. (4 marks)

(i)  Let H be a Hilbert space, and let (v,) be an orthonormal sequence in H.
Let v € H. Suppose that
IvI[* = Z\ €n, V

Prove that v € Span(v,). (8 marks)
N

[Hint: Look at the norm of wy = v — Z(en, vyen.
n=1

(i)  Let

1 1 1 1
w=|(—=-—-—"F5—-—"—"%=-—=,...].
i <\/§ V4 VB V16 )
Define a bounded lineear operator S:/?> — [? be the formula S(a1, a, as,...) =
(O, di, d», dz, .. ) Let Vy, = SnVO.
Let (e,) be the standard basis for the space />. Compute the sum

o0

2 len vl
n=0
(4 marks)
(iv)  Show that the sequence (v,) is an orthonormal basis for /2. (9 marks)

MAS436 2 Continued



MAS436

4 (i)  Let H be a Hilbert space. Let w € H. Show that
[wl = sup{[{v.w)| | v € H, |lv[]| <1}.
(4 marks)
You may use the Cauchy-Schwarz inequality without proof.

(i)  State the Riesz representation theorem for bounded linear functionals on a
Hilbert space. (2 marks)

(i) Let T:H — H be a bounded linear map. Prove that there is a unique
bounded linear map T*: H — H such that (T*v, w) = (v, Tw) for all v, w € H.

Show further that ||T*]| = || T||. (8 marks)

(iv) Let T:H — H be a bounded linear map. Show that

T[H]* = ker T*.

(3 marks)
(v)  Define bounded linear maps A, B: /> — /% by the formulae
dyo d3 da
A(ay, as,az3,a4...)=(0,a1, —, —, —,...
(81 dp, dz, da ) ( a1 23" 4 )
and ; a a
B(al, do, dz, ds .. ) = (32, ?1, dg, 33, de, 55, .. )
respectively. Compute A* and B*. (8 marks)
5 (i)  Let A be a unital complex Banach algebra, and let x € A. Prove that if
|Ix|| < 1, then the element 1 — x is invertible. (8 marks)
(i)  Say what is meant by the spectrum, Spectrum(x) of an element x € A.
(2 marks)
(i) Let x € A. Prove that Spectrum(x) is compact. (8 marks)
(iv) Let x € A be an involution, that is to say an element where x*> = x. Show
that Spectrum(x) C {0, 1}. (7 marks)
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6 (i)  Letf, g€ L*(R) be continuous functions. Show that we have a well-defined
function f * g € L*(R) defined by the formula

(f * g)(x) = % / Y flx - Dg(tdt.
(6 marks)

(i)  For continuous functions f, g € L*(R), show that, when taking the Fourier
transform, f * g(w) = f(w)g(w). (6 marks)

(i) Let a > 0. Let f € L*(R) be continuous. Let g(x) = f(ax). Show that,

1.
when considering the Fourier transform, we have §(w) = af(g). (3 marks)
(iv) Leto >0. Let
1 . —x?
s =—exp| =—5 | .
9o = 5 P\ 202

(a)  Calculate the Fourier transform g,. (6 marks)

(b)  Show that for any o, 7 > 0, we have g, * g = g, 5z752. (4 marks)

You may assume here, if desired, the Fourier inversion theorem.

End of Question Paper
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