
AMA223
SCHOOL OF MATHEMATICS AND STATISTICS Autumn Semester 2008�9MECHANICS 2 hoursAnswer four questions. You are advised not to answer more than four questions: if youdo, only your best four will be 
ounted.1 (i) Cal
ulate ∫ ∫D xy2 dxdy where(a) D is the re
tangular region 0 � x � 2; 0 � y � 1.(b) D is the triangular region 0 � x � 2; 0 � y � x2 . (10 marks)(ii) Four small weights are joined together by light, rigid rods in a tetrahedralformation. The four weights, of masses 1 kg, 2 kg, 3 kg and 4 kg are initiallyheld in position at 
oordinates (0; 0; 0), (1; 0; 0), (0; 1; 0) and (0; 0; 1),respe
tively, where distan
e units are in metres.(a) Cal
ulate the 
oordinates of the lo
ation of the 
entre of mass ofthe four weights.(b) Cal
ulate the moment of inertia of the tetrahedron about the Ozaxis.(
) The tetrahedron is now �xed to a pivot at (0; 0; 1) (i.e. with the 4 kgweight at the pivot point) and allowed to hang freely from the pivotpoint under gravity (whi
h a
ts in the �k dire
tion). What are the
oordinates of the 
entre of mass now, assuming the tetrahedronis at rest? (Give your answer to 2 de
imal pla
es.) (15 marks)
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AMA2232 A uniform lamina of mass m has the shape of the portion of the �rst quadrantbounded by x2 + y2 = a2, x = 0 and y = 0.(i) Use integration to �nd the position of its 
entre of mass G. (10 marks)(ii) Let Iy be the moment of inertia of the lamina about the axis Oy , and Izbe its moment of inertia about the axis Oz . Use the perpendi
ular axestheorem to dedu
e that Iy = 12 Iz :Hen
e show that Iy = 14ma2: (12 marks)(iii) The lamina is rotating with angular speed ! about the axis Oz . Find itskineti
 energy. (3 marks)
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AMA2233 (i) A 
omet of mass m moves in a plane with origin O, and its plane polar
oordinates are (r(t); �(t)). The Sun, whi
h has massM and is 
onsideredto be �xed at the origin, exerts a gravitational pull on the 
omet: this isa for
e dire
ted towards O of magnitude GMm=r2, where G = 6:67 �10�11 kg�1m3s�2. You are given that the radial and transverse 
omponentsof Newton's Se
ond Law redu
e to:�r � r _�2 = �GMr2 (1)r2 _� = h (2)where h is a positive 
onstant (and, in the usual notation, a dot over avariable denotes its time derivative). Make the substitution u = r�1, anduse (2) to show that _r = �hdud�and dedu
e that (1) be
omesd2ud�2 + u = GMh2 : (3)(11 marks)(ii) Show that the general solution for (3) isu = GMh2 (1 + e 
os(� � �0))where e and �0 are 
onstants, and explain why �0 
an be set to zero. Givea geometri
 interpretation for e. (7 marks)(iii) At its 
losest approa
h to the Sun, the 
omet is at a distan
e r = 5�1010mfrom the origin and its speed is 9 � 104ms�1. The mass of the Sun isM = 2 � 1030 kg. Cal
ulate the value of h and the e

entri
ity of the
omet's orbit. (Give your answers to 1 de
imal pla
e.) (7 marks)
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AMA2234 (i) A s
alar �eld � is given by � = y(x2 + y2) :(a) Cal
ulate r�.(b) Show that �2��x2 + �2��y2 = 0 : (13 marks)(ii) A for
e F = E0i, where E0 is a 
onstant, a
ts on a parti
le of mass m,
ausing it to a

elerate in the x dire
tion.(a) Is this a 
onservative for
e? If so, �nd a potential fun
tion V for it.(b) The parti
le moves from the origin to the point (a; a). Cal
ulatethe work done by the for
e on the parti
le during this motion. Ifthe speed of the parti
le when it rea
hes (a; a) is v , 
al
ulate theintial speed of the parti
le when it is at the origin. Dedu
e a lowerbound on v , in terms of E0, m and a. (12 marks)5 (i) A uniform rod AB of mass m and length 2a 
an rotate freely in a verti
alplane about a �xed horizontal axis through the end A. When it is at restwith B verti
ally below A, the end B is suddenly given a velo
ity V . Youare given that the moment of inertia of the rod about the axis through Ais 43ma2. Use the prin
iple of 
onservation of energy to show that, whenthe rod has turned though an angle �,_�2 = V 24a2 � 3g2a (1� 
os �)and hen
e �nd �� by di�erentiation. (13 marks)(ii) When B is verti
ally above A, the rea
tion on the axis at A is zero. By
onsidering the 
omponent of this rea
tion along the rod, show thatV 2 = 16ga;and verify that the 
omponent perpendi
ular to the rod is zero.(12 marks)End of Question Paper
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