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MAS371

SCHOOL OF MATHEMATICS AND STATISTICS Spring Semester

2015–2016

Applied Probability 2 hours

❘❡str✐❝t❡❞ ❖♣❡♥ ❇♦♦❦ ❊①❛♠✐♥❛t✐♦♥✳
❈❛♥❞✐❞❛t❡s ♠❛② ❜r✐♥❣ t♦ t❤❡ ❡①❛♠✐♥❛t✐♦♥ ❧❡❝t✉r❡ ♥♦t❡s ❛♥❞ ❛ss♦❝✐❛t❡❞ ❧❡❝t✉r❡ ♠❛t❡r✐❛❧
✭❜✉t ♥♦ t❡①t❜♦♦❦s✮ ♣❧✉s ❛ ❝❛❧❝✉❧❛t♦r ✇❤✐❝❤ ❝♦♥❢♦r♠s t♦ ❯♥✐✈❡rs✐t② r❡❣✉❧❛t✐♦♥s✳
▼❛r❦s ✇✐❧❧ ❜❡ ❛✇❛r❞❡❞ ❢♦r ②♦✉r ❜❡st t❤r❡❡ ❛♥s✇❡rs✳ ❚♦t❛❧ ♠❛r❦s ✻✵✳

MAS371 1 Turn Over



MAS371

✶ ❚❤❡ ♠♦✈❡♠❡♥t ♦❢ ❛ s❡❛❧ ✇❤✐❧❡ ❞✐✈✐♥❣ ❝❛♥ ❜❡ ❞❡s❝r✐❜❡❞ ❛t ❛♥② ✐♥st❛♥t ❛s ❉❡s❝❡♥❞✲
✐♥❣✱ ❍♦r✐③♦♥t❛❧ ✭❡✳❣✳ ✇❤✐❧❡ ❢❡❡❞✐♥❣✮ ♦r ❆s❝❡♥❞✐♥❣✳ ❆ s❡♥s♦r r❡❝♦r❞s t❤❡ t②♣❡ ♦❢
♠♦✈❡♠❡♥t ❡✈❡r② ♠✐♥✉t❡✳

✭✐✮ ■♥ ❛ s✐♥❣❧❡ ❞✐✈❡✱ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡q✉❡♥❝❡ ♦❢ ♠♦✈❡♠❡♥t ❜❡❤❛✈✐♦✉rs ✐s r❡❝♦r❞❡❞✿

❉✱ ❉✱ ❉✱ ❉✱ ❉✱ ❍✱ ❍✱ ❍✱ ❆✱ ❆✱ ❍✱ ❍✱ ❉✱ ❍✱ ❆✱ ❆✱ ❆✱ ❆✳

❆ss✉♠✐♥❣ t❤❛t t❤❡ s❡q✉❡♥❝❡ ♦❢ ❜❡❤❛✈✐♦✉rs ❢♦❧❧♦✇s ❛ ✭❞✐s❝r❡t❡ t✐♠❡✮ ▼❛r❦♦✈
❝❤❛✐♥✱ ❝❛❧❝✉❧❛t❡ ♠❛①✐♠✉♠ ❧✐❦❡❧✐❤♦♦❞ ❡st✐♠❛t❡s ♦❢ ❡❛❝❤ ♦❢ t❤❡ tr❛♥s✐t✐♦♥
♣r♦❜❛❜✐❧✐t✐❡s pDD, pDH , . . . ✭✹ ♠❛r❦s✮

✭✐✐✮ ■♥ ❛ ❧❛r❣❡r st✉❞② t❤❛t ❛❣❣r❡❣❛t❡s ❞❛t❛ ❢r♦♠ s❡✈❡r❛❧ ❞✐✈❡s✱ t❤❡ ❢♦❧❧♦✇✐♥❣
❝♦✉♥ts ♦❢ tr❛♥s✐t✐♦♥s ❛r❡ ♦❜t❛✐♥❡❞✳

❇❡❤❛✈✐♦✉r ❛❢t❡r t+ 1 ♠✐♥✉t❡s
❉❡s❝❡♥❞✐♥❣ ❍♦r✐③♦♥t❛❧ ❆s❝❡♥❞✐♥❣

❇❡❤❛✈✐♦✉r ❉❡s❝❡♥❞✐♥❣ ✹✷ ✶✷ ✵
❛❢t❡r t ❍♦r✐③♦♥t❛❧ ✺ ✶✺ ✻
♠✐♥✉t❡s ❆s❝❡♥❞✐♥❣ ✵ ✽ ✸✺

❚✇♦ ♣♦ss✐❜❧❡ ♠♦❞❡❧s ❛r❡ s✉❣❣❡st❡❞ ❢♦r t❤❡ tr❛♥s✐t✐♦♥ ♠❛tr✐①✳ ❚❤❡ ❣❡♥❡r❛❧
♠♦❞❡❧ ❤❛s

P =





pDD pDH 0
pHD pHH pHA

0 pAH pAA



 ,

✇❤✐❧❡ t❤❡ s②♠♠❡tr✐❝ ♠♦❞❡❧ ❤❛s

P =





pM pS 0
1

2
pR pF

1

2
pR

0 pS pM



 ,

✇❤❡r❡ t❤❡ s✉❜s❝r✐♣ts st❛♥❞ ❢♦r ▼♦✈✐♥❣✱ ❙t♦♣♣✐♥❣✱ ❘❡s✉♠✐♥❣ ❛♥❞ ❋❡❡❞✐♥❣✳

✭❛✮ ❆ss✉♠✐♥❣ t❤❡ ❣❡♥❡r❛❧ ♠♦❞❡❧✱ ❝❛❧❝✉❧❛t❡ ❛♣♣r♦①✐♠❛t❡ ✾✺✪ ❝♦♥✜❞❡♥❝❡
✐♥t❡r✈❛❧s ❢♦r pHH ❛♥❞ ❢♦r pHA✳ ✭✸ ♠❛r❦s✮

✭❜✮ ❚❡st t❤❡ ♥✉❧❧ ❤②♣♦t❤❡s✐s t❤❛t t❤❡ s②♠♠❡tr✐❝ ♠♦❞❡❧ ❤♦❧❞s ❛❣❛✐♥st t❤❡
❛❧t❡r♥❛t✐✈❡ t❤❛t t❤❡ ❣❡♥❡r❛❧ ♠♦❞❡❧ ❤♦❧❞s✳ ❨♦✉ ♠❛② ✉s❡ t❤❡ ❢❛❝t t❤❛t
∑

nij log(p̂ij) = −73.67✱ ✇❤❡r❡ t❤❡ nijs r❡♣r❡s❡♥t t❤❡ ❝♦✉♥ts ✐♥ t❤❡

❞❛t❛✱ t❤❡ p̂ijs r❡♣r❡s❡♥t t❤❡ ♠❛①✐♠✉♠ ❧✐❦❡❧✐❤♦♦❞ ❡st✐♠❛t❡s ✉♥❞❡r t❤❡
❣❡♥❡r❛❧ ♠♦❞❡❧✱ ❛♥❞ t❤❡ s✉♠♠❛t✐♦♥ ✐s ♦✈❡r ❡❧❡♠❡♥ts ✇✐t❤ nij > 0✳

✭✽ ♠❛r❦s✮

✭✐✐✐✮ ❆♥♦t❤❡r st✉❞② r❡♣♦rts t❤❡ ❢♦❧❧♦✇✐♥❣ t❛❜❧❡ ♦❢ tr❛♥s✐t✐♦♥ ❝♦✉♥ts✳

❇❡❤❛✈✐♦✉r ❛❢t❡r t+ 1 ♠✐♥✉t❡s
❉❡s❝❡♥❞✐♥❣ ❍♦r✐③♦♥t❛❧ ❆s❝❡♥❞✐♥❣

❇❡❤❛✈✐♦✉r ❉❡s❝❡♥❞✐♥❣ ✸✸ ✾ ✵
❛❢t❡r t ❍♦r✐③♦♥t❛❧ ✼ ✶✸ ✼
♠✐♥✉t❡s ❆s❝❡♥❞✐♥❣ ✵ ✻ ✷✷

❲✐t❤♦✉t ❞❡t❛✐❧❡❞ ❝❛❧❝✉❧❛t✐♦♥✱ ❡①♣❧❛✐♥ ✇❤❛t t❤❡s❡ ❞❛t❛ s✉❣❣❡st ❛❜♦✉t t❤❡
♥✉❧❧ ❤②♣♦t❤❡s✐s ❢r♦♠ ✭✐✐✮✭❜✮✱ ❛♥❞ ❛❜♦✉t t❤❡ ❛♣♣r♦♣r✐❛t❡♥❡ss ♦❢ t❤❡s❡ ♠♦❞❡❧s
♠♦r❡ ❣❡♥❡r❛❧❧②✳ ✭✺ ♠❛r❦s✮

MAS371 2 Continued



MAS371

✷ ❆ ▼❛r❦♦✈ ❝❤❛✐♥ ✇✐t❤ st❛t❡s 1, 2, . . . , s ❤❛s tr❛♥s✐t✐♦♥ ♠❛tr✐① P ✇✐t❤ ❡❧❡♠❡♥ts
pij, i, j = 1, . . . , s✳ ❆ s❡q✉❡♥❝❡ ♦❢ st❛t❡s ♦❢ t❤❡ ❝❤❛✐♥X0, X1, X2, . . . , XN ✐s ♦❜s❡r✈❡❞✳

✭✐✮ ❊①♣❧❛✐♥ ❜r✐❡✢②✿

✭❛✮ ✇❤② t❤❡ ❧♦❣✲❧✐❦❡❧✐❤♦♦❞ ❢♦r P ✱ ❝♦♥❞✐t✐♦♥✐♥❣ ❛s ✉s✉❛❧ ♦♥ X0✱ ✐s ❣✐✈❡♥
❜②

∑

i,j

Nij log pij

✇❤❡r❡ Nij ✐s t❤❡ ♦❜s❡r✈❡❞ ♥✉♠❜❡r ♦❢ tr❛♥s✐t✐♦♥s ❢r♦♠ st❛t❡ i t♦ st❛t❡
j❀ ✭✷ ♠❛r❦s✮

✭❜✮ ✇❤❛t ❝♦♥str❛✐♥ts ♠✉st ❜❡ s❛t✐s✜❡❞ ❜② t❤❡ ❡❧❡♠❡♥ts pij ♦❢ t❤❡ tr❛♥s✐✲
t✐♦♥ ♠❛tr✐①✳ ✭✷ ♠❛r❦s✮

✭✐✐✮ ✭❛✮ ❙❤♦✇ t❤❛t t❤❡ ❧♦❣✲❧✐❦❡❧✐❤♦♦❞ ❢♦r P ❝❛♥ ❜❡ r❡✇r✐tt❡♥ ✐♥ t❡r♠s ♦❢ t❤❡
s(s− 1) ♣❛r❛♠❡t❡rs {pij, i 6= j} ❛s

l(P |X0, . . . , XN) =
∑

i,j:i 6=j

Nij log pij +
∑

i

Nii log(1−
∑

k:k 6=i

pik).

✭✷ ♠❛r❦s✮

✭❜✮ ❍❡♥❝❡ ❞❡r✐✈❡ t❤❡ ❢♦r♠ ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ s(s−1)×s(s−1) ♦❜s❡r✈❡❞
✐♥❢♦r♠❛t✐♦♥ ♠❛tr✐① J ✳ ✭✻ ♠❛r❦s✮

❍✐♥t✿ ✇r✐t✐♥❣ Jij,gh ❢♦r t❤❡ ❡❧❡♠❡♥t ♦❢ J ❝♦rr❡s♣♦♥❞✐♥❣ t♦ pij ❛♥❞ pgh✱
②♦✉ ♠❛② ✇✐s❤ t♦ ❝♦♥s✐❞❡r s❡♣❛r❛t❡❧② t❤❡ ❢♦❧❧♦✇✐♥❣ ❝❛s❡s✿ Jij,gh, g 6= i❀
Jij,ih, h 6= j❀ ❛♥❞ Jij,ij✳

✭✐✐✐✮ ❋♦r ❛ ♣❛rt✐❝✉❧❛r ❡①♣❡r✐♠❡♥t ✇✐t❤ s = 3✱ t❤❡ ♥✉♠❡r✐❝❛❧ ✈❛❧✉❡ ♦❢ J(P̂ )✱ ✉s✐♥❣
t❤❡ ❛♣♣r♦❛❝❤ ✐♥ ✭✐✐✮✱ ✐s ❢♦✉♥❞ t♦ ❜❡

















144.4 44.4 0.0 0.0 0.0 0.0
44.4 101.6 0.0 0.0 0.0 0.0
0.0 0.0 225.6 45.1 0.0 0.0
0.0 0.0 45.1 85.2 0.0 0.0
0.0 0.0 0.0 0.0 252.0 220.5
0.0 0.0 0.0 0.0 220.5 308.7

















,

✇❤❡r❡ t❤❡ ♦r❞❡r ♦❢ t❤❡ r♦✇s ❛♥❞ ❝♦❧✉♠♥s ✐s p12, p13, p21, p23, p31, p32✳ ❋✐♥❞
t❤❡ ❡st✐♠❛t❡❞ st❛♥❞❛r❞ ❡rr♦r ❢♦r p̂12 ✐♥ t❤✐s ❝❛s❡✳ ✭✺ ♠❛r❦s✮

✭✐✈✮ ❊①♣❧❛✐♥ ❜r✐❡✢② ❤♦✇ t❤❡ ❛♣♣r♦❛❝❤ ✐♥ ✭✐✐✮ ❝❛♥ ❜❡ ✉s❡❞ t♦ ♦❜t❛✐♥ t❤❡ ✈❛r✐❛♥❝❡
❢♦r ❛ ❞✐❛❣♦♥❛❧ ❡❧❡♠❡♥t ♦❢ t❤❡ tr❛♥s✐t✐♦♥ ♠❛tr✐① P ✱ ❛♥❞ ✐ts ❝♦✈❛r✐❛♥❝❡s ✇✐t❤
♦t❤❡r ❡❧❡♠❡♥ts✱ ❡✐t❤❡r ❢♦r t❤❡ ❣❡♥❡r❛❧ ❝❛s❡ ✐♥ ✭✐✐✮ ♦r ❜② ✉s✐♥❣ t❤❡ ♥✉♠❡r✐❝❛❧
❡①❛♠♣❧❡ ✐♥ ✭✐✐✐✮✳ ✭✸ ♠❛r❦s✮

MAS371 3 Turn Over
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✸ ✭✐✮ ❆ ❧❛❜♦r❛t♦r② ❡①♣❡r✐♠❡♥t ♦❜s❡r✈❡s t❤❡ t✐♠❡s ❛t ✇❤✐❝❤ ❝❡❧❧s s♣❧✐t ✐♥t♦ t✇♦✱ ✐♥
❛ s♠❛❧❧ ♣♦♣✉❧❛t✐♦♥ st❛rt✐♥❣ ✇✐t❤ ❛ s✐♥❣❧❡ ❝❡❧❧✳ ❚❤❡ t✐♠❡s ✭✐♥ ♠✐♥✉t❡s✮ ❢r♦♠
t❤❡ st❛rt ♦❢ t❤❡ ❡①♣❡r✐♠❡♥t✱ ❛t ✇❤✐❝❤ t❤❡ ♣♦♣✉❧❛t✐♦♥ ✐♥❝r❡❛s❡❞ ❞✉❡ t♦ ❛ ❝❡❧❧
s♣❧✐tt✐♥❣✱ ❛r❡ ❛s ❢♦❧❧♦✇s✿

✻✳✷✱ ✶✵✳✸✱ ✶✷✳✸✱ ✶✹✳✸✱ ✶✺✳✺✱ ✶✻✳✾✱ ✶✽✳✵✱ ✶✽✳✾✳

❖❜s❡r✈❛t✐♦♥ st♦♣♣❡❞ ❛❢t❡r ✷✵ ♠✐♥✉t❡s✳ ❆ss✉♠✐♥❣ t❤❛t t❤❡ ♣♦♣✉❧❛t✐♦♥ ❝❛♥
❜❡ ♠♦❞❡❧❧❡❞ ❜② ❛ ❧✐♥❡❛r ❜✐rt❤ ♣r♦❝❡ss✱ ❝❛❧❝✉❧❛t❡ ❛♥ ❡st✐♠❛t❡ ❛♥❞ st❛♥❞❛r❞
❡rr♦r ❢♦r t❤❡ ❵❜✐rt❤✬ r❛t❡ ♣❡r ❝❡❧❧ ♣❡r ♠✐♥✉t❡✳ ✭❨♦✉ ♠❛② ✉s❡ r❡s✉❧ts ❢r♦♠ t❤❡
♥♦t❡s ✇✐t❤♦✉t ❞❡r✐✈❛t✐♦♥✱ ♣r♦✈✐❞❡❞ ②♦✉ st❛t❡ t❤❡♠ ❝❧❡❛r❧②✳✮ ✭✻ ♠❛r❦s✮

✭✐✐✮ ❚❤❡ ♣r♦❝❡ss✐♥❣ ♦❢ ❥♦❜s ❜② ❛ ♠✉❧t✐✲♥♦❞❡ ❝♦♠♣✉t❡r s②st❡♠ ❝❛♥ ❜❡ ♠♦❞❡❧❧❡❞
❛s ❛ q✉❡✉❡ ✐♥ ❝♦♥t✐♥✉♦✉s t✐♠❡✱ ❛s ❢♦❧❧♦✇s✳ ❏♦❜s ❛rr✐✈❡ ❛t ❛ ❝♦♥st❛♥t r❛t❡ α✳
■❢ t❤❡r❡ ❛r❡ ✷ ♦r ♠♦r❡ ❥♦❜s ✐♥ t❤❡ s②st❡♠✱ ✉♣ t♦ ❛ ♠❛①✐♠✉♠ ♦❢ k✱ ❡❛❝❤ ♦♥❡ ✐s
♣r♦❝❡ss❡❞ ❜② ❛ s✐♥❣❧❡ ♥♦❞❡ ✇✐t❤ ✐♥❞✐✈✐❞✉❛❧ s❡r✈✐❝❡ r❛t❡ β✳ ■❢ t❤❡r❡ ❛r❡ ♠♦r❡
t❤❛♥ k ❥♦❜s✱ t❤❡♥ k ♦❢ t❤❡♠ ✇✐❧❧ ❜❡ ♣r♦❝❡ss❡❞ ✭❣✐✈✐♥❣ ❛ t♦t❛❧ s❡r✈✐❝❡ r❛t❡
kβ✮ ✇❤✐❧❡ t❤❡ r❡st ✇❛✐t✱ ❛♥❞ t❤❡r❡ ✐s ♥♦ ♣r❛❝t✐❝❛❧ ❧✐♠✐t t♦ t❤❡ ♥✉♠❜❡r t❤❛t
♠❛② ❜❡ ✇❛✐t✐♥❣✳ ■❢ t❤❡r❡ ✐s ❡①❛❝t❧② ♦♥❡ ❥♦❜ ✐♥ t❤❡ s②st❡♠✱ ✐t ✐s ♣r♦❝❡ss❡❞
✉s✐♥❣ ❛❧❧ ❛✈❛✐❧❛❜❧❡ ❝♦♠♣✉t✐♥❣ r❡s♦✉r❝❡s ❧✐♥❦❡❞ t♦❣❡t❤❡r✱ ✇✐t❤ ❛♥ ❡♥❤❛♥❝❡❞
s❡r✈✐❝❡ r❛t❡ βγ ✇✐t❤ γ > 1✳

✭❛✮ ❊①♣❧❛✐♥ ✇❤② t❤✐s ♠♦❞❡❧ ❝❛♥ ❜❡ t❤♦✉❣❤t ♦❢ ❛s ❛ ❜✐rt❤✲❞❡❛t❤ ♣r♦❝❡ss✱
❣✐✈✐♥❣ ❡①♣r❡ss✐♦♥s ❢♦r t❤❡ ❜✐rt❤ ❛♥❞ ❞❡❛t❤ r❛t❡s✳ ✭✸ ♠❛r❦s✮

✭❜✮ ❲❤❛t ❝♦♥❞✐t✐♦♥ ♠✉st t❤❡ ♣❛r❛♠❡t❡rs s❛t✐s❢② ✐❢ t❤❡ ♥✉♠❜❡r ♦❢ ❥♦❜s
✇❛✐t✐♥❣ ✐s ♥♦t t♦ ✐♥❝r❡❛s❡ ✇✐t❤♦✉t ❧✐♠✐t❄ ✭✷ ♠❛r❦s✮

✭❝✮ ❲r✐t❡ ❞♦✇♥ t❤❡ ❧♦❣✲❧✐❦❡❧✐❤♦♦❞ ❢♦r α, β, γ ❜❛s❡❞ ♦♥ ❝♦♠♣❧❡t❡ ♦❜s❡r✲
✈❛t✐♦♥ ♦❢ t❤❡ s②st❡♠ ♦✈❡r ❛♥ ✐♥t❡r✈❛❧ [0, t]✳ ✭❨♦✉ ♠❛② ✉s❡ st❛♥❞❛r❞
r❡s✉❧ts ❢♦r t❤❡ ❧✐❦❡❧✐❤♦♦❞ ♦❢ ❛ ❜✐rt❤✲❞❡❛t❤ ♣r♦❝❡ss✳✮

❍❡♥❝❡✱ s❤♦✇ t❤❛t t❤❡ ♦❜s❡r✈❛t✐♦♥s ❝❛♥ ❜❡ r❡❞✉❝❡❞ t♦ t❤❡ ❢♦❧❧♦✇✐♥❣
s✉✣❝✐❡♥t st❛t✐st✐❝s✿ t❤❡ t♦t❛❧ ♥✉♠❜❡r ♦❢ ❛rr✐✈❛❧s❀ t❤❡ t♦t❛❧ ♥✉♠❜❡r ♦❢
❝♦♠♣❧❡t✐♦♥s ♦❢ s❡r✈✐❝❡❀ n10✱ t❤❡ ♥✉♠❜❡r ♦❢ ❝♦♠♣❧❡t✐♦♥s t❤❛t ♦❝❝✉r❡❞
✇❤✐❧❡ t❤❡ s②st❡♠ ✇❛s ✐♥ ❵❡♥❤❛♥❝❡❞✬ ♠♦❞❡ ✭✐✳❡✳ ✇✐t❤ ❡①❛❝t❧② ♦♥❡ ❥♦❜ ✐♥
t❤❡ s②st❡♠✮❀ a1✱ t❤❡ t✐♠❡ s♣❡♥t ✐♥ ❵❡♥❤❛♥❝❡❞✬ ♠♦❞❡❀ t❤❡ ♣r♦♣♦rt✐♦♥
♦❢ t✐♠❡ ❢♦r ✇❤✐❝❤ t❤❡r❡ ✇❛s ❛t ❧❡❛st ♦♥❡ ❥♦❜ ✇❛✐t✐♥❣ ❜✉t ♥♦t ❜❡✐♥❣
♣r♦❝❡ss❡❞ ✭✐✳❡✳ ♠♦r❡ t❤❛♥ k ❥♦❜s ✐♥ t❤❡ s②st❡♠✮❀ ❛♥❞ t❤❡ ❛✈❡r❛❣❡
♥✉♠❜❡r ♦❢ ❥♦❜s ✐♥ t❤❡ s②st❡♠ ✇❤❡♥ t❤❡r❡ ✇❡r❡ ♥♦ ❥♦❜s ✇❛✐t✐♥❣✳

✭✾ ♠❛r❦s✮
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✹ ❋✐❣✉r❡ ✶ s❤♦✇s t❤❡ ❧♦❝❛t✐♦♥s ♦❢ n = 106 tr❡❡s ✐♥ ❛ ✶✵✵♠ sq✉❛r❡ ♣❧♦t✳

✭✐✮ ❆ss✉♠✐♥❣ ❛ ❤♦♠♦❣❡♥❡♦✉s P♦✐ss♦♥ ♣r♦❝❡ss ✇✐t❤ ✐♥t❡♥s✐t② λ ❢♦r t❤❡ ❧♦❝❛t✐♦♥s✱
✜♥❞ t❤❡ ♠❛①✐♠✉♠ ❧✐❦❡❧✐❤♦♦❞ ❡st✐♠❛t❡ ❛♥❞ ❡st✐♠❛t❡❞ st❛♥❞❛r❞ ❡rr♦r ❢♦r λ✳

✭✸ ♠❛r❦s✮

+

+

+

+

+

+

+

+ +

+

+

+

+

+

+

+

+

+

+

+

+

+

+
+ +

+
+

+

+

+

+

+

+

+

+

+

+

+

+

+

+

+

+

+

+
+

+
+

+

+

+

+

++

+

+

+

+

+

+
+

+

+

+

+

+

+

+

+

+

+

+

+

+

++

+

+

+
+

+

+

+

+

+

+

+

+
+

+

+

+

+

+
+

+

+

++

+

+

+

+

+

+

+

0 20 40 60 80 100

0
20

40
60

80
10

0

x coordinate

y 
co

or
di

na
te

❋✐❣✉r❡ ✶✿ ▲♦❝❛t✐♦♥s ♦❢ tr❡❡s

MAS371 5 Question 4 continued on next page



MAS371

✹ ✭❝♦♥t✐♥✉❡❞✮

✭✐✐✮ ❆ ♣♦ss✐❜❧❡ ♠♦❞❡❧ ❢♦r t❤❡ ❧♦❝❛t✐♦♥s ✐s ❛♥ ✐♥❤♦♠♦❣❡♥❡♦✉s P♦✐ss♦♥ ♣r♦❝❡ss
✇✐t❤ ✐♥t❡♥s✐t② ❢✉♥❝t✐♦♥

λ(x, y) = abxcy

= exp(α) exp(βx) exp(γy)

s❛②✱ ✇❤❡r❡ x, y ❛r❡ ❝♦✲♦r❞✐♥❛t❡s r❡❧❛t✐✈❡ t♦ t❤❡ s♦✉t❤✲✇❡st ❝♦r♥❡r ♦❢ t❤❡ ♣❧♦t✱
t♦ t❤❡ ❡❛st ❛♥❞ ♥♦rt❤ r❡s♣❡❝t✐✈❡❧②✱ ♠❡❛s✉r❡❞ ✐♥ ♠❡tr❡s ✭s♦ 0 ≤ x, y ≤ 100✮✳

❆ss✉♠✐♥❣ ❛ ♠♦❞❡❧ ♦❢ t❤✐s ❢♦r♠✱ ✇r✐t❡ ❞♦✇♥ t❤❡ ❧♦❣✲❧✐❦❡❧✐❤♦♦❞ ❢✉♥❝t✐♦♥
❢♦r t❤❡ ♣❛r❛♠❡t❡rs α, β, γ ❜❛s❡❞ ♦♥ t❤❡ ❧♦❝❛t✐♦♥s ✐♥ t❤❡ ✜❣✉r❡✱ ❛♥❞ ❤❡♥❝❡
t❤❡ ❧✐❦❡❧✐❤♦♦❞ ❡q✉❛t✐♦♥s t❤❛t t❤❡ ♠❛①✐♠✉♠ ❧✐❦❡❧✐❤♦♦❞ ❡st✐♠❛t♦rs ♦❢ t❤❡s❡
♣❛r❛♠❡t❡rs ♠✉st s❛t✐s❢②✳ ✭❨♦✉ ❛r❡ ♥♦t r❡q✉✐r❡❞ t♦ ❞❡r✐✈❡ t❤❡ ❢♦r♠ ♦❢ t❤❡
❡st✐♠❛t♦rs✳✮ ✭✾ ♠❛r❦s✮

◆✉♠❡r✐❝❛❧ ♠❛①✐♠✐s❛t✐♦♥ ❣✐✈❡s ❡st✐♠❛t❡s α̂ = −4.88, β̂ = 0.0256, γ̂ =
−0.0318✱ ✇✐t❤ ❛ ♠❛①✐♠✐s❡❞ ❧♦❣✲❧✐❦❡❧✐❤♦♦❞ ♦❢ −527.4✳ ❊①♣❧❛✐♥ t♦ ✇❤❛t
❡①t❡♥t t❤❡s❡ ♣❛r❛♠❡t❡rs ❛r❡ ❝♦♥s✐st❡♥t ✇✐t❤ t❤❡ ✈✐s✉❛❧ ✐♠♣r❡ss✐♦♥ ❣✐✈❡♥
❜② t❤❡ ♣♦✐♥t ♣❛tt❡r♥ ✐♥ ❋✐❣✉r❡ ✶✳ ✭✸ ♠❛r❦s✮

✭✐✐✐✮ ❋✉rt❤❡r ♥✉♠❡r✐❝❛❧ ♠❛①✐♠✐s❛t✐♦♥ ♦❢ t❤❡ ❧✐❦❡❧✐❤♦♦❞ ❢r♦♠ ✭✐✐✮✱ ✉♥❞❡r t❤❡
r❡str✐❝t✐♦♥ t❤❛t β = 0✱ ❣✐✈❡s ❛ ♠❛①✐♠✉♠ ❛t α̃ = −3.35, γ̃ = −0.0318✱
✇✐t❤ ❛ ♠❛①✐♠✐s❡❞ ❧♦❣✲❧✐❦❡❧✐❤♦♦❞ ♦❢ −552.2✳ ❊①♣❧❛✐♥ t❤❡ ♠❡❛♥✐♥❣ ♦❢ t❤✐s
r❡str✐❝t✐♦♥ ♦♥ t❤❡ ♠♦❞❡❧✱ ❛♥❞ ❝❛rr② ♦✉t ❛ t❡st ♦❢ t❤❡ ❤②♣♦t❤❡s✐s t❤❛t
β = 0✳ ✭✺ ♠❛r❦s✮

End of Question Paper
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❚❛❜❧❡ ♦❢ t❤❡ pt❤ q✉❛♥t✐❧❡ ♦❢ t❤❡ χ2 ❞✐str✐❜✉t✐♦♥ ✇✐t❤ ν ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠✱ χ2

p,ν

ν

✶ ✷ ✸ ✹ ✺ ✻ ✼ ✽ ✾
✵✳✶✵ ✵✳✵✶✻ ✵✳✷✶✶ ✵✳✺✽✹ ✶✳✵✻✹ ✶✳✻✶✵ ✷✳✷✵✹ ✷✳✽✸✸ ✸✳✹✾✵ ✹✳✶✻✽
✵✳✺✵ ✵✳✹✺✺ ✶✳✸✽✻ ✷✳✸✻✻ ✸✳✸✺✼ ✹✳✸✺✶ ✺✳✸✹✽ ✻✳✸✹✻ ✼✳✸✹✹ ✽✳✸✹✸

p ✵✳✾✵ ✷✳✼✵✻ ✹✳✻✵✺ ✻✳✷✺✶ ✼✳✼✼✾ ✾✳✷✸✻ ✶✵✳✻✹✺ ✶✷✳✵✶✼ ✶✸✳✸✻✷ ✶✹✳✻✽✹
✵✳✾✺ ✸✳✽✹✶ ✺✳✾✾✶ ✼✳✽✶✺ ✾✳✹✽✽ ✶✶✳✵✼✵ ✶✷✳✺✾✷ ✶✹✳✵✻✼ ✶✺✳✺✵✼ ✶✻✳✾✶✾
✵✳✾✾ ✻✳✻✸✺ ✾✳✷✶✵ ✶✶✳✸✹✺ ✶✸✳✷✼✼ ✶✺✳✵✽✻ ✶✻✳✽✶✷ ✶✽✳✹✼✺ ✷✵✳✵✾✵ ✷✶✳✻✻✻
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